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Nomenclature
t = time, s
tg = time-to-go to the intercept, s
tgmc = time-to-go to the intercept at the midcourse stage

motor burnout (second pulse), s
tgmc min = minimum allowable time-to-go to the intercept at the

midcourse stage motor burnout (second pulse), s
tmission = the total � ight time to the intercept, s
tp1bo = � ight time at burnout of � rst pulse, s
trm = � ight time at which the track bias is removed, s
t2 = burn time of the second pulse, s
VMR1 = average speed remaining to the intercept after

midcourse stage � rst pulse burnout, m/s
ZEMBIAS = total zero effort miss value at current time due to the

target track bias, m
ZEM31 = total zero effort miss value at midcourse stage � rst

pulse burnout, m
ZEM ¤ = zero effort miss value at midcourse stage � rst pulse

burnout due to all sources other than the track
bias, m

D V2PUL = divert velocity of second pulse allowed for lateral
maneuver, m/s

r 2
HE = variance of the total interceptor attitude navigation

and control error, rad2

r 2
VTGT = variance of the target velocity measurement error,

(m/s)2

Introduction

I N this Note, the problem of selecting the pulse split for a two-
pulse motor of the exoatmosphericmidcourse stage of a notional

antitacticalballisticmissile interceptoris considered.The pulse split
re� ects the fractionof totalimpulseallocatedto each pulse.The mid-
course stage operatesoutside the atmosphereduring the long period
between the separation of the � nal endoatmospheric stage and the
separationof the kinetickill vehicle (KKV), which containsa seeker
and divert system for � nal homing. Reference 1 demonstrated the
use of the mission chart approach for the analysis of these intercep-
tors. This Note extends the methodologyof Ref. 1 to include a large
bias in the target track. A large bias in the track is de� ned as one
that is greater than the ability of the KKV to correct. A bias in the
target track process could be introduced by the following: 1) track-
ing and engaging the only visible object in the target complex that
is not the desired target, 2) tracking all objects in a target complex
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but being unable to discriminate the desired target, or 3) attempting
to engage an undetected object by estimating its states from other
information. The bias in the target track is composed of both a po-
sition and a velocity component relative to the current true target
kinematics. These two components of the error can be combined
by extrapolating the velocity bias error through the time-to-go to
intercept.

After the desired target and its state estimates are determined, the
bias in the target track becomes apparent and the associatedheading
error is removed by diverting during the next propulsion burn.

Four scenarios are possible for removal of the bias in the target
track. The underlying philosophy to these de� nitions is that for a
successful intercept each pulse must be able to remove all of the
zero effort miss (3r value) present at its ignition. The � rst scenario
is de� ned by the removal of the bias during the � rst or second
pulse burn. Because of the short burn times relative to the mission
times, only a relatively small portion of the intercept population
will fall under this category, and therefore this scenario is deemed
inappropriate for consideration in the pulse split optimization. The
second scenario is de� ned by the removal of the bias before the
ignitionof the � rst pulse. This scenariocan affect mission timelines
but is not a driver in the pulse split optimization.The third scenario
is de� ned by the removal of the bias after the second pulse burn.
In this situation, the zero effort miss from the bias in the target
track must be removed entirely by the KKV divert. For large biases
in the target track greater than the KKV divert, such a mission is
infeasible.Modi� cation of the pulse split provides no bene� t in this
scenario and shall not be pursued.The fourth scenario is de� ned by
the removal of the bias in the target track between the burnoutof the
� rst pulse and the ignition of the second pulse. One of the primary
uses of a two-pulsemotor is to delay the ignitionof the second pulse
until after the bias in the target track is removed. This last scenario
is of greatest operational interest and has the greatest impact on the
optimization of the pulse motor.

The remainderof the Note will concentrateon the optimizationof
the pulse motor for this fourth scenario. The changes to the second
pulse timeline constraints when a large bias in the target track is
introduced in this scenario are presented. The impact of the pulse
split on the requirements placed on the weapon system timeline for
removal of the bias in the target track will be demonstrated.Finally,
the relationship of the maximum and minimum feasible mission
times to the pulse split is discussed for this scenario.

Second Pulse Timeline Constraints
in the Presence of a Bias

Reference 1 de� ned � ve constraintson the second pulse ignition
and burnout timeline. When the bias in the target track is removed
between the two pulses, only the minimum time-to-go at the sec-
ond pulse burnout constraint changes relative to the de� nition in
Ref. 1. The bias in the target track must be included in the errors
at � rst pulse burnout that the second pulse must remove. The errors
at second pulse burnout are not affected by the bias in the target
track because the scenario de� nes them as removed by the second
pulse.

The magnitude of the bias is considered � xed for this analysis,
but its spatial orientation could vary considerably. A conservative
approach is used in that the zero effort miss (ZEM) from the bias in
the target track is “stacked” with the ZEM from the nominal error
tree by assuming they are aligned. Although not strictly correct, it
addsanotherdegreeof conservatismto theanalysis.In this approach,
the ZEM at � rst pulse burnout is given by

3 r ZEM31 = 3r ZEM ¤ + ZEMBIAS (1)

For a successfulintercept,the secondpulsemust beable to remove
all of the zeroeffortmiss (3 r value) presentat the � rst pulseburnout.
This requirement determines the minimum allowable time-to-go
from second pulse burnout to the intercept. The minimum time-to-
go expressed by

tgmc min ¼
3( r 2

HEV 2
MR1 + r 2

VTGT)
1
2 (tmission ¡ tp1bo) + ZEMBIAS

D V2PUL

(2)
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Pulse Split and Latest Time for Bias
in the Target Track Removal

The pulse split drives the minimumtime-to-goat the secondpulse
burnout constraint.This minimum time-to-go determines the latest
time for second pulse ignition and the latest feasible time for the
bias in the target track to be removed for a successful mission.

For a numerical example, the interceptorparameters from Ref. 1
and the high-qualityerror set from that reference will be used. Both
an 80/20- and a 50/50-pulse split will be considered. The 80/20-
pulse split has 80% of the impulse in the � rst pulse and 20% in the
second pulse. The 50/50 split has 50% of the total impulse in the
� rst pulse and 50% in the second pulse.

The mission chart in Fig. 1 shows the effect of using the sec-
ond pulse to remove a target track bias ZEM of 7.5 km for the two
midcourse-stagepulse splits considered. The minimum time-to-go
at second pulse burnout constraint [Eq. (2)] yields a separate min-
imum time-to-go at the second pulse burnout constraint for each
pulse split. This constraint then determines the latest time that the
track bias may be removed for a successful intercept:

trm · tmission ¡ (tgmc min + t2) (3)

Figure 2 shows this value as a function of the mission time for
the 50/50- and 80/20-pulse split motors. The use of the 50/50 motor
relaxes the required track quality of the weapon system by allowing
bias in the target track to be removed later in the mission.

Pulse Split and Feasible Mission Times
The pulse split also drives the maximum and minimum feasible

mission times. Because of error and divert considerations, an in-
terceptor design may not be able to fully use all of its kinematic
capability as indicated by its kinematic limit. Point D in Fig. 1
indicates the maximum feasible mission for the 50/50-pulse split.
This point represents the intersectionof the minimum time-to-go at
second pulse burnout constraint [Eq. (2)] and the 50/50-interceptor
kinematic mission time limit. For this pulse split, missions up to
the kinematic limit of 425 s are possible. The maximum feasible
mission for the 80/20-pulse split is determined from the intersec-
tion of the minimum and maximum time-to-go at second pulse
burnout constraints (point B in Fig. 1). This intersection results in
a maximum mission time of 317 s. Error and divert considerations
prevent the 80/20 missile from � ying intercepts out to the maxi-
mum possible � ight time as given by the 80/20 kinematic limit.

Fig. 1 Mission chart for two pulse splits.

Thus, the 80/20 missile is being limited by an error derived mission
time limit, whereas the 50/50 missile is limited by its kinematic
limit.

The choice of pulse split drives not only the maximum mission
time but also the minimum mission time. The 50/50-pulse split al-
lows use of missions down to the shortest time dictated by the min-
imum KKV homing time. Point E indicates this shortest feasible
mission as 81 s in Fig. 1. This point is de� ned by the intersection
of the sequencing limit and the minimum time-to-go constraint for
the second pulse burnout dictated by the KKV minimum homing
time. The 80/20-pulse split does not allow missions less than 110 s.
This limit is determinedfrom the intersectionof the sequencinglimit
and the 80/20 minimum time-to-goat the secondpulseburnoutcon-
straint [Eq. (2)]. This intersection is marked as point C in Fig. 1.
By requiring longer minimum mission times, the 80/20-pulse split
interceptor could create a hole in the engagement space above the
interceptor launch point.

Table 1 summarizes the minimum and maximum mission times
for each pulse split when the kinematic capabilities, errors, and
divert capabilities are considered.

Table 1 Feasible mission limits

Interceptor Minimum feasible Maximum feasible
pulse split mission, s mission, s

50/50 81 425
80/20 110 317

Fig. 2 Latest bias removal time.
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Conclusions
These results demonstrate that the use of larger second pulse

fractions in the presence of a large bias in the track (that is, greater
than the KKV divert) can reduce the requirements on the weapon
system by allowing the bias in the target track to be removed later
during the � ight. Additionally, the 50/50-pulse split extends both
the minimum and maximum feasible mission times relative to the
80/20-pulse split. This increases the engagement envelope of the
interceptor in the presence of a large bias in the target track.
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I. Introduction

E XISTING entry guidance systems are based on the common
concept of tracking a reference drag pro� le. For that purpose,

trajectory control laws are incorporated into the guidance systems.
A linear control law has been employed successfully for the Space
Shuttles.1 This control law was designed with a classical method
based on linearized equations of motion. This approach generally
needs gain schedules interpolating feedback gains selected at indi-
vidual design points. However, it is not an easy task to prepare such
gain-schedulingfunctions that give a satisfactoryperformanceover
the whole entryphase.Motivatedby this fact, many authors recently
have proposed nonlinear trajectory control laws.2 ¡ 5 These control
laws were developed with the feedback linearization (or dynamic
inversion) method6 or related methods. Design parameters of these
techniques are some constants describing a desired response inde-
pendent of reference values. Therefore, extensive gain schedules
are not necessary.For this reason, nonlinearcontrol laws will be the
mainstreamfor entryguidancein placeof linear control laws. A new
nonlinearcontrol law is proposed using a device called the altitude-
to-drag transformation.The altitudeinsteadof the drag force is con-
sidered as the controlled variable. The new nonlinear control law
is described and numerically compared with a conventional linear
control law.

II. Nonlinear Trajectory Control Law
A. Basic Control Law

The primary function of entry trajectory control laws is to mod-
ulate the bank angle (roll angle around the atmospheric-relative
velocity). The control law proposed in the note is summarized as

ḧC = ḧREF + f1hERR + f2 ÇhERR + f3 * hERR dt (1)

(L / D)C = ḧC / D + Çh / V + (g / D)(1 ¡ V 2 / V 2
S ) (2)

u C = cos ¡ 1[ (L / D)C

L / D ] (3)
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where D is the drag force per unit mass (also termed drag acceler-
ation), g is the acceleration due to gravity, h is the altitude, Çh is the
altitude rate, ḧ is the vertical acceleration, L / D is the lift-to-drag
ratio, V is the Earth-relative velocity, VS is the circular orbital ve-
locity, and u is the bank angle. The subscripts C , ERR, and REF
stand for a command, an error, and a reference value, respectively.
The symbolswithoutany subscriptsdenotereal-timemeasurements.
The feedback gains, f1 , f2, and f3 , characterize the desired vertical
acceleration ḧC for attenuatingthe altitude error hERR . The interme-
diate lift-to-drag ratio command (L / D)C is a normalized version
of the vertical component of lift force required for trajectory con-
trol. The mapping function (2) is based on the following equation
of motion in the vertical direction

ḧ = ¡ D( Çh / V ) + L cos u ¡ (g / D)[1 ¡ (V 2 / V 2
S )] (4)

where L is the lift force per unit mass. Correspondence between
Eqs. (2) and (4) is obvious, since L cos u in Eq. (4) represents the
vertical component of lift force.

B. Tracking Error
The errors used in the control law (1) are de� ned as

hERR = hREF ¡ h D (5)

ÇhERR = ÇhREF ¡ Çh (6)

where h D is a pseudo-altitude derived from the drag acceleration,
and Çh is an altitude rate estimated by a navigation system. The ref-
erence altitude hREF and the drag-derivedaltitude h D are computed
from the common models for the dragforceand atmosphericdensity

D = [q V 2SCD(V )] / 2m (7)

q = q 0 exp( ¡ h / hS) (8)

where CD is the drag coef� cient, hS is the atmosphericdensity scale
height, m is the vehicle mass, S is the vehicle reference area, q is
the atmospheric density, and q 0 is the atmospheric density at sea
level. In general, CD is a function of the angle of attack a and the
Mach number.However, the atmospheric-relativevelocity is almost
equal to V , and the speed of sound is nearly constant during entry.
In addition, we assume that a is scheduled as a function of V .
Therefore, CD is described as a function of only V as shown in
Eq. (7).

When the referencedrag DREF is a functionof the speci� c energy
(energy per unit mass) E , the altitude errorhERR is explicitlywritten
as

hERR = ¡ hS[log(DREF / D)]W2 (9)

W1 = 1 + (V / 2)(C 0
D / CD) (10)

W2 = [1 + (2ghS / V 2)W1]
¡ 1

(11)

where C 0
D represents@CD /@V . If DREF is a functionof V , we do not

need W2 in Eq. (9). The scale height hS is generally scheduled as a
function of the altitude based on a standard atmosphere. Equation
(9) can be derived from Eqs. (7) and (8) by using the relation:

E = 1
2
V 2 + gh = 1

2
V 2

REF + ghREF (12)

and the assumption ghERR ¿ V 2, which usually holds duringentry.7

Linearizing Eq. (9) about DREF , we obtain the following expres-
sion:

hERR
»= ¡ hS (W2 / DREF)(DREF ¡ D) (13)

If this formula is adopted for mapping the drag error into hERR , the
controllaw as shown in Eq. (1) becomesequivalentto a conventional
linear control law.1 Equation (13) implies that the scale height hS

works as a part of the feedback gain with respect to the drag error.
The inaccuracy of hS included in the reference altitude rate ÇhREF

(the de� nition is shown later) causes a steady-state tracking error,
but this error is eliminatedby the integral term in Eq. (1). Therefore,


